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MAT185 Linear Algebra

Assignment 4
Instructions:

Please read the MAT185 Assignment Policies & FAQ document for details on submission policices. collaboration
rules and academic integrity, and general instruetions.

1. Submissions are only accepted by Gradescope. Do not send anything by email. Late submissions are not
accepted under any circumstance. Remember you can resnbmit anytime hefore the deadline.

2. Submit solutions using only this template pdf. Your submission should be a single pdf with vour full written
solutions for each question. If your solution is not written using this template pdf (scanned print or digital) then
your submission will not be assessed. Organize vour work neatly in the space provided. Do not submit rongh work.

3. Show your work and justify your steps on every question but do not include extraneons information, Put

your final answer in the box provided. if necessary. We recommend you write draft solutions on separate pages and
afterwards write your polished solutions here on this template.

4. You must fill out and sign the academic integrity statement below; otherwise, vou will receive zero for
this assignment. ‘

Academic Integrity Statement:

Full Name: _ ANUSHA FATIMA ALAM
Student number; 'j_OOClOEGﬁBO\

Full Name:

Student number:

I confirm that:

e [ have read and followed the policies described in the doeument MAT185 Assignment Policies & FAQ.
o In particular, T have read and understand the rules for collabaration, and permitted resotrces on assignments as
described in subsection 11 of the the aforementioned document. I have not violated these rules while completing and

writing this assignment.

o [ understand the consequences of violating the University's academic integrity policies as ontlined in the Code
Beluwviour on Acudemie Matters, T have not violated them while completing and writing this assigniment.

By signing this dociment. I agree that the statements above are true.

Signatures: 1) @ s,
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1. Consider the sequence {-I-. Frgr g where ,,41 = a, + 2b, and by = ay + by,
L n

(a) Find a matrix A such that A [?“} = [QHH]- '
I bn-|-l
In orcler for the equodionto be dimensionall consistent, we need to
Lind a 2 by 2 matix A, Such that Al’_an"J = omu] - [Qn +2bn
g, el -

on+i Qn + bn
1x2 2x1 2 x1 X1

Ll

(b) Find an invertible matrix S and a diagonal matrix D such that A = SDS1,
To £Pad an invertfble matrix S and a cliagenal mordric D such that
o = [;1 7‘-'-] - SDS™' we can uce the princtple of diagonalizotion.
4 2
First,we need to determine the efgervalies of ma:h’:( A -
The charactensic poynomial of matix A = L7 1 1 Te g\wen by *

i-A 2| _ ., 2\ — 722 _ 57 _
L i = (41-R)(4 =) -2 =KRZ_-2% -1 ,,

We can determihe —he 1oors of +his quadratric polynomal using e
quadrosTec Pormuda =

A= Z2ZAerrd - 2248 - 347
2 2

Thevefore, the efgen-values of A = | 1 2] gre 1+42 and 1-4Z
we now, need to £hd “the corresponding efgenvedtot for each emechm-'

For A=4+J25 /T4 27 [Ardzd.. 07 For A=1-AZ 4 (%42 BAD) " 0[] W
([’L 11 fl:ﬁo '.G_H’?J X=0 [1 -1] - [ o C1—,J_7.J X=0

So 4he eigenvawe of A=1+4z

has an elgenvector [ 'ﬁ'j So *-‘n? efgen-ued‘or for A =1—A=

el

We. can now Form majfrix by plading eigenvedtors as s columng - S :i:_\/i —A2

— : X D, ' pla : i 4

To form Jdnf-,d\agomk mﬂzx ;3"02 can PAE Hhe eigenvalyes aleng the iacomy

m,n‘x D — d-rTAd2 -l 5 :
0 (1 - 42)
L Theefwe  §= [ vz =2 and D = |(1t2) O )
1. . & o ( 1—,{2_)

We con Verffy His by computing SDS™ por Lanfch we qet (12
Which s equiyalent o mnafix A 15
9
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. } where a, 1 = a, + 20, and b, = a, +b,.

MIQG
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1. Consider the sequence {T g ¥

D
(¢) Use your answer from part (b) to find explicit formulas for a, and b,, and then show that lim —= = /2.

Hom part (b) we Know that ft = rf]_"},] — B e i...,J}_) _’ A7 -5
: o l-'1' 1 1 & 1J Y ‘/fz.) [ J

We alse kacwthat [antd an |
— . Ih ™
HA h R n d the . e
Consderit e Nt teims o e Sequence. an relotionghi an+17\ = “
3 P \-4 -x A Ebnrl )

]z L]-__A % b4
} [ ]_-A['L}
m R H RIS

eetee, (]2 A [0 = 4]

D = (sos7)" [4]- 5787 [§] becanse B SPST |

(2GSl )

Hence [ ] CHR)- G + GOy = (4 A2)")

A48

‘sbgiv:- -obiH

s
pik NI

]
(D" - Q-A2) 4 vz ((1+42) "+ (1= wz")) g
R
ada
3 a
To dekemine ’Y-(\linf(;o fr-\ > We need to @ind a s\mph.g_‘eq Porm for Ctﬂn,

(,1_'1. —_ ﬁ-cﬂd’ﬁj—z)n"' A=z (1"\[_'2-_}“ +2—(1 ‘I‘.E)“_?—(.I_,Q)n

=

bn (403 )" —( — D"+ AV + T A~ABI ™

v 2 UET2)(144E)" + (2= (=AD" ) (WA 4 (22 (1-42) "
WZADCHND " +(5-1) (A=Y e e (G -DO -2

= (W22 U o 0z Lo (A2 W D

D = ((Nz+2)( 1HAZ)N) (A2 )T = (g2 = '\(5'@—""\6—-5‘: = Az
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o o e ?

e m .il — _Q?m -

N30 bn 500 Y& =2 , ke VWnows m Qe Converqes lD,JE

nYca n

|
|
|
i
|
{
|

|



E 2. Let A be an n x n matrix, and suppose that the only eigenvalues of A are 0, 1, and 2.
(a) Prove that dim E; (A) + dim E3(A) < rank A. )

According o the rankK-nullity thesrtem; we Know +har for a linear
-\:mnq?fnnan'o‘n T:V—> W, +he dimension of the, Kemel (nuilfhy) Plus
e dinensfon of the ?mqge, space (rankK) equals the dimensfon o the domain:

dim Ker (T + dim Im (T) = din V
Whe¥e 'V and W are Linite, dfmensional-

1 for o mafiX, the Ifhear “rancformatian fs given by muldpiication with A. _
7 j.e. A RP—> R We candherefore apply e rank-nullity theotemdo mainy f*

dim Ker(®) + dim Im (&) =n
where n s e (5 the number of colunng of & -
(i Considexing the eigenspaces of A, Wwe Know =
' | Eo(ﬁ\ ='-\<€'I(PQ
&1 EJ\CR)=$_U6R”\ P\\l=\l}
I E.(m =fveriiv=av e
Since. the only possible efgenvalues for N are 0, 1and Z (as given),

wWe Know 4hot the egens paces Eo(R) » Eq(A) E2 (B are lincard
zﬁ ' independent G their dimensiong add upro M *
I

i Eo (M) + dim EqCA)Y +dim E2() =N
¢ ey S oneany mdcpeadent fhen dim Bo (A)+ i B dimE2(8) £ 0
We want o gnow thak dim £, () + dim  E2(A) £ rank (f).

Tn order 40 do §0, We can use the rani<-nuillly teorem +o
~yewrfte this ag =

; Adim Ker CA) +dim \m (M) = ddn KerCA) + rankCh) = N
| I‘ > dim €0 () + dion £1 (A +cim Eo (A,
| dim Ker CA) + fank () 2 dim Eo (A 4+ dinE, (AY Y dvm B (&)
Sinae dim Ee (A) =din Ker (A) = 1 - cank() we ¥now 3
YAk (R) > dim E/(A) + dim B ()
Rearcanging this we agex
dim B, (N) + dim Ea (i) £ rank (W)
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2. Let A be an n x n matrix, and suppose that the only eigenvalues of A are 0, 1, and 2.
(b) Prove that if dim E)(A) + dim E5(A) = rank A, then A is diagonalizable.

From part (B we Know that dim Im (R) + dim Kec ) = us
vanik (A) +dim Ker (A =n

) We algs Know -thok TF 4he €/T8€F\SPQLQS E.(A . E (A) and

dimensfons add up 1o n 3 Hen:
dim Eo(A) + dim E,(A). 4 dimE(A) =n-

L dim Ker A + van )
s ymeans that dim E, (p) + dim E, - 2 . '
& ( m B = vranK@only ¥ s eigenspaces
S My fndependent, Thecefore. Loe wowd \X}(ea—m prove *tghok +he.
eig?m vectors are- |heany fhdependent -
Proop = :
Lec %) X2, -+ ) X be '&39)1\1@(.1’0(5 CQ\’(ESpDnd?n'S o dlisHnct
ei’aenvamu Aoy Ry, ---Rie OF A

Assume ~hat {4(; 1K = (Xc} are Lfneqﬂ% dﬂpend.mt
We can Han £fnd ] such that S, w2, - Xj-1} s
Lfnearl%f\:lapendmt, and %: X, ’Xz.,l

-y Xy :2( is liheary dependant.
Then we hawe «

x] Q% +QXey . +qjx; =0
Where Not ol AL 'S ae (0, and in parncuar &) # 0.
MuleplyTng L¥ T by A from the lefe We get =
d, XIMI."’{" Qz_%?- /X.?_.'f‘--- += /{jyj-: O
QOn +he Other hand, "“WUC"QP%Tﬂf) k] 'D_\j A, we can obtarn =
A A7 % +02 35 X+ .-~ *Q; AL %) = 0.
Subtracting the two equamians we gek

G CA— RJ) X+ OZ(Z\'L'MJ K ¥ st Q')_g?\jﬂ“?\}\lxj-wf’o .

and 9 (k- A= a2(Re —%)= -~ = 05— CAj-1 - A) =0
Stace Ai's are dispnde, we hawe :
Ay=0Azr=.--=0aj- =0

and Oj Xy =0, aj=0, a contradichon.
Therefore {’/X,,-Xz, 9{,(} 5 \'x’mzaruj indapendant.

Cin we Knaw that Hra efgenveciors are ITneardy Tadependent
Lhen dim E) (A + dim Ey (A) = vanikK () then A is dfqgona\f%Qb\Q
by the dingonalfration Hheo rem.
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